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Superconductivity and magnetism are antagonistic states of matter. The presence of spontaneous
magnetic fields inside the superconducting state is, therefore, an intriguing phenomenon prompting
extensive experimental and theoretical research. In this review, we discuss recent experimental dis-
coveries of unconventional superconductors which spontaneously break time-reversal symmetry and
theoretical efforts in understanding their properties. We discuss the main experimental probes and
give an extensive account of theoretical approaches to understand the order parameter symmetries
and the corresponding pairing mechanisms including the importance of multiple bands.
I. INTRODUCTION
Spontaneously broken symmetry is a cornerstone of our
current understanding of the physical world1. The su-
perconducting state is one of the most spectacular exam-
ples: by spontaneously breaking global gauge symmetry,
a superconductor’s wave function becomes macroscopi-
cally coherent - electrons in a superconductor (SC) be-
have analogously to photons in a laser. This review is
concerned with unconventional SCs where an additional
symmetry is broken in the superconducting state, namely
time-reversal symmetry (TRS).
In classical physics, time reversal is equivalent to re-
versing the momenta of all the particles in the system.
Time-reversal symmetry refers to the fact that when this
is done, the trajectories we obtain are also valid solu-
tions of the equations of motion. Because of this, any
thermal average characterizing the macroscopic state of
an ergodic system with TRS must be invariant under
time-reversal. Since time-reversal flips the sign of angu-
lar momenta, and therefore of the magnetic moments,
it follows that an ergodic system with TRS cannot have
a net magnetization. The same consideration applies to
quantum many-body systems though in this case the spin
of the particles constitutes an additional contribution to
the angular momentum and therefore time-reversal in-
volves the reversal of all spins in addition to the change
of sign of all momenta2. Mathematically, this is ensured
by the following transformation
T c†k↑ = −c−k↓ ; T c
†
k↓ = c−k↑ (1)
where c†kσ is an operator creating an electron with spin
σ (↑, ↓) and crystal momentum k and T is the TRS
operator.
TRS can be broken through the application of external
fields or spontaneously. The canonical example of the for-
mer in solid-state physics is the electron fluid in a metal
in the presence of a magnetic field, leading to Pauli para-
magnetism, Landau diamagnetism and the de Haas-van
Alphen effect3. The most obvious example of the latter
is a Stoner ferromagnet, where a self-consistent exchange
field leads to a net magnetization. TRS has important
consequences in theories of cosmology as well. For ex-
ample, in the physics of blackholes, the loop quantum
gravity theory predicts that the interior of a blackhole
must continue into a white hole4,5. This transition of a
blackhole to a whitehole is analogous to a bouncing ball
in classical physics: a blackhole “bounces” and emerges
as its time-reversed version, a whitehole.
The superconducting state is a condensate of pairs
of electrons, called “Cooper pairs”. It is characterized
by a complex order parameter which is usually a scalar
function with an amplitude and a phase characterizing
macroscopic quantum coherence. Superconducting prop-
erties such as the Meissner and Josephson effects in so-
called “conventional” SCs are consequences of sponta-
neous gauge-symmetry breaking, and are well described
by Bardeen-Cooper-Schrieffer (BCS) theory6. On the
other hand, in many so-called “unconventional” SCs ad-
ditional symmetries, such as the space-group symme-
tries of the crystalline lattice are broken. This review
is concerned with SCs that break time-reversal symme-
try, which leads to the appearance of spontaneous mag-
netic fields in the superconducting state– a particularly
dramatic manifestation of unconventional pairing as all
known SCs exhibit perfect diamagnetism via the Meiss-
ner effect, supporting a long-held view that magnetism
and superconductivity are antagonistic states of matter.
Evidence for TRS breaking was initially detected in a
2few highly correlated superconductors using the muon-
spin relaxation (µSR) technique. µSR has proved ideal
for searching for broken TRS in superconducting systems,
since it is a local probe capable of detecting very small
magnetic fields in a sample, in the absence of an applied
magnetic field. For a number of reasons, superconduc-
tivity with broken TRS has become a topic of particular
interest recently. One reason is the discovery of super-
conductors with weak-electronic correlations, where sig-
natures of TRS breaking are detected using µSR, but
other superconducting properties appear to largely re-
semble those of conventional systems. These therefore
appear to correspond to a class of materials distinct
from the previously known examples of TRS breaking
superconductors, and determining the origin of the bro-
ken TRS requires further experimental and theoretical
attention. Furthermore, even amongst the established
examples, various outstanding questions remain. In par-
ticular, Sr2RuO4 had long been regarded as the canon-
ical example of a triplet superconductor, with a chiral
p-wave order parameter7. This understanding has been
thrown into question however, by recent nuclear magnetic
resonance (NMR) measurements which point to singlet-
pairing8. This has stimulated a flurry of experimental
and theoretical studies aimed at understanding the re-
sults. Moreover, in the last decade there has been a grow-
ing appreciation of the role-played by topology in deter-
mining the properties of condensed matter systems, and
topological superconductivity is one of the most sought
after goals in this field. As such there has been particular
interest in whether unconventional TRS breaking super-
conducting states can exhibit this phenomenon.
In general, TRS breaking in the superconducting
ground state requires a degenerate instability channel
leading to a multi-component order parameter. This is
because under the application of the time-reversal oper-
ator, the order parameter transforms into another order
parameter which is not just a phase multiple of the orig-
inal one. This is satisfied by an order parameter having
multiple components and a nontrivial phase difference
between them. The degeneracy of the corresponding in-
stability channel can have many different origins. For
example, it can arise from breaking underlying symme-
tries of the crystal, as in the chiral p-wave state7 or the
loop-super current state proposed for multi-orbital sys-
tems9; or it can arise from breaking the group of spin
rotations, as in the nonunitary triplet state with equal
spin pairing proposed for LaNiC2 and LaNiGa2
10–14.
A desired milestone in the study of unconventional su-
perconductivity is to uniquely determine the structure
of the order parameter and the corresponding pairing
mechanism. Approaching this goal for a specific material
needs experimental and theoretical knowledge to work
in unison. By considering the experimentally observed
properties of a system, the possible symmetry-allowed
order parameters can be determined. These possibilities
are then considered in mean-field theories with a model
band structure or full first-principles band structure to
predict low-energy properties of the material which are
compared with the corresponding experimental data. A
crucial means of determining the nature of the pairing
state, is the characterization of the magnitude and struc-
ture of the superconducting energy gap. This can be
probed using a number of techniques, including the mea-
surement of thermodynamic quantities such as the spe-
cific heat and magnetic penetration depth, spectroscopic
techniques such as angle-resolved photoemission spec-
troscopy (ARPES) and scanning tunneling spectroscopy,
or experiments utilizing Josephson tunneling. The struc-
ture and shape of the normal state Fermi surfaces com-
puted from first principles or measured by de Haas-
van Alphen and ARPES experiments15 can also help in
narrowing-down the possible order parameter structures.
However, very often, mainly due to the high symmetry
of the crystal structure of the material in question, the
above procedure leads to many different possible order
parameters with similar low-energy properties. Thus in
practice the unequivocal determination of the structure
of the order parameter of a TRS-breaking SC is often
very challenging.
This review article is broadly divided into two parts:
1) Recently discovered TRS breaking SCs with discus-
sion of the corresponding experimental techniques and
2) Theoretical understanding of the possible structures
of order parameters and low-energy properties of such
materials. In Section II we briefly discuss the main exper-
imental probes used to directly measure and character-
ize TRS breaking in SCs. Section III describes systems
where TRS breaking has been discovered in the super-
conducting state, including examples in strongly corre-
lated SCs as well as the more recent cases in materials
which generally exhibit fully-open gaps. A summary of
TRS breaking superconductors is also provided in Ta-
ble I. We then go on in Section IV to discuss the possible
structures of order parameters of SCs based on general
symmetry arguments within the Ginzburg-Landau the-
ory, that is without requiring the details of the pairing
mechanism and hence should apply to most unconven-
tional SCs. In the next Section V, we focus on the order
parameter symmetries of TRS breaking SCs considering
some specific examples. In the Section VI we discuss the
method for computing the properties of superconduct-
ing ground states within the mean-field approximation,
which in its full form requires using a specific model of the
pairing interaction and the normal state band-structure.
In the following Section VII we discuss recent theoretical
proposals of novel superconducting ground states for spe-
cific, recently-discovered TRS-breaking superconducting
materials. Finally in Section VIII we conclude by outlin-
ing some possible future directions.
II. EXPERIMENTAL PROBES
Here, we briefly review the three main experimental
probes which can directly detect the presence of sponta-
3neous magnetic fields in the superconducting state, so as
to detect TRS breaking in SCs: µSR, the optical Kerr
effect and superconducting quantum interference device
(SQUID) magnetometry.
A. Muon spin relaxation
µSR is a very sensitive local probe of extremely small
magnetic fields in a sample (down to ∼ 10−5T). As a re-
sult, µSR measurements performed in the absence of an
external field can reveal the spontaneous appearance of
very small magnetic fields in the superconducting state,
and hence whether TRS is broken. A particular advan-
tage of this technique is that the presence of TRS break-
ing can be probed in both single crystal and polycrys-
talline samples. More comprehensive descriptions of the
µSR technique can be found in Refs. 16–19 but here we
discuss a few pertinent aspects.
Spin polarized positive muons are implanted in the
sample, which stop at interstitial positions in the crystal
lattice corresponding to minima of the Coulomb poten-
tial. Muons decay with a half life of 2.2µs into a positron
and two neutrinos, and the emitted positrons are counted
via detectors which in the experiments described here are
situated in forward (F) and backward (B) positions. The
muons’ spins precess about the local magnetic fields at
the muon stopping sites Bloc, at the Larmor frequency
ωµ = γµ|Bloc|, where γµ/2π = 135.5 MHz T
−1 is the
muon gyromagnetic ratio. Since the positrons are emit-
ted preferentially along the direction of the muon spin,
the asymmetry A(t) reflects the local field distribution,
where
A(t) =
NF (t)− αNB(t)
NF (t) + αNB(t)
. (2)
Here NF (t) and NB(t) are the number of positrons
counted at a time t at the forward and backward de-
tectors respectively, while α is a calibration constant. In
particular, when there is a distribution of fields in a sam-
ple, the muons’ spins precess at different rates, and the
broader the field distribution, the more rapidly A(t) de-
cays. Time reversal symmetry breaking is experimen-
tally detected from an increase of the relaxation rate of
A(t), arising due to the spontaneous appearance of ad-
ditional internal fields in the superconducting state. For
a random static Gaussian distribution of fields, A(t) is
described by the Kubo-Toyabe relaxation function
GKT =
1
3
+
2
3
(1− σ2ZFt
2)e−
σ2
ZF
t2
2 , (3)
where the Gaussian relaxation rate σZF is proportional
to the width of the field distribution. Since nuclear mo-
ments are static on the timescale of the muon lifetime,
these make a temperature independent contribution to
σZF. In most of the cases discussed here, the asymmetry
was fitted with the product of GKT with a Lorentzian
relaxation
A(t) = A0GKT (t)e
−λZFt, (4)
where A0 is the initial asymmetry and λZF is the
Lorentzian relaxation rate. On the other hand, some-
times a combined Lorentzian and Gaussian Kubo-Toyabe
function is utilized,
A(t) = A0
1
3
+
2
3
(1 − σ2ZFt
2 − λZFt)e
−σ
2
ZF
t2
2
−λZFt. (5)
In some experiments, the TRS breaking is manifested by
an increase of σZF in the superconducting state, in others
it is via λZF. Note that λZF is often attributed to mag-
netic fields which fluctuate rapidly on the timescale of
the muon lifetime, i.e. ‘electronic’ moments, since such
a Lorentzian decay results from a Gaussian distribution
of fields in the fast fluctuation limit. However in TRS
breaking SCs, the increase in λZF or σZF is typically sup-
pressed by a small longitudinal field of around 20 mT.
The fact that the muon can be decoupled from its local
environment by a small longitudinal field indicates that
these internal fields are quasistatic. This suggests that
this extra relaxation does not arise from paramagnetic
impurities.
B. Optical Kerr effect
The optical Kerr effect is another very sensitive probe
for detecting spontaneous fields inside a SC by measur-
ing the change in the Kerr angle. Due to the technically
challenging nature of these experiments, TRS breaking
has been observed using the Kerr effect in only a few
SCs. Moreover, the reliable determination of the presence
of broken TRS generally requires single crystal, rather
than polycrystalline samples. The quantity measured in
these experiments is the polar Kerr angle θK, which corre-
sponds to how much normally incident linearly polarized
light is rotated20–24. Non-zero θK arises from differences
between the complex refractive indices of left (nL) and
right (nR) circularly polarized light via
θK = −Im
(
nR − nL
nLnR − 1
)
= Im
4π
ω
(
1
n(n2 − 1)
σxy
)
. (6)
As such, θK is related to the presence of an imaginary
component to the off-diagonal part of the conductivity
tensor σxy, which only arises when time reversal sym-
metry is broken. In SCs this requires that the supercon-
ducting order parameter has multiple components with a
phase between them23. In order to detect the TRS break-
ing signal, it is necessary to measure a very small θK on
the order of 1 µrad, yet with a sufficiently low beam in-
tensity to avoid sample heating. These were performed
4using a Sagnac interferometer, as described in detail in
Refs. 20, 21, 25, and 26 where the authors achieve a sensi-
tivity in θK of 10 nrad, at temperatures down to 100 mK.
Due to the presence of different domains, upon zero-field
cooling (ZFC) there may be no net contribution to θK.
Therefore, in addition to measuring θK after cooling in
zero-field, a training field was often applied in the su-
perconducting state to align the domains. The field was
then turned off, and measurements were performed upon
warming to above Tc. Upon reversing the direction of
the training field, θK has the same magnitude but op-
posite sign below Tc, and therefore the magnetic field
couples to and reorientates the domains. In the cases of
Sr2RuO4, UPt3 and URu2Si2
20–22, the magnitude of θK
after applying the training field is the same as in the ZFC
measurements, indicating that the domain size is larger
than the diameter of the beam (≈ 10.6 µm).
C. SQUID magnetometry
SQUID magnetometry can in principle be used to de-
tect broken TRS, if the system develops a small net mag-
netization as it enters the superconducting state. Though
the field resulting from such a magnetization will be fully
screened by the Meissner effect in the bulk of the sam-
ple, in a type-II SC the superconducting order parameter
will be suppressed near the surface, allowing the magnetic
field due to the bulk magnetization to be detected. One
major problem with this approach is that even large do-
mains will be averaged out, since one is measuring the
signal from the whole sample. Nevertheless as we discuss
below this technique has been successfully employed to
detect a net magnetization in LaNiC2
33.
III. SUPERCONDUCTORS WITH BROKEN
TIME REVERSAL SYMMETRY
A. TRS breaking in strongly correlated
superconductors
The first reported examples of TRS breaking were in
a handful of strongly correlated SCs, the properties of
which are included in Table I. In such systems, the pres-
ence or close proximity of magnetism, together with the
large Coulomb repulsion already gave a strong indica-
tion that the superconductivity must be unconventional,
and is likely mediated by magnetic interactions. UBe13
was one of the earliest heavy fermion SCs to be discov-
ered, where it was proposed to be an example of triplet
p-wave pairing34. For heavy fermion SCs, the extremely
large onsite Coulomb repulsion has been thought to disfa-
vor s-wave superconductivity, and instead pairing states
with non-zero orbital angular momentum have gener-
ally been anticipated. Unusual behavior was quickly
found upon doping with Th in the U1−xThxBe13 sys-
tem, where a second superconducting transition in the
specific heat emerges at around x = 0.03, and disappears
at x = 0.0635. Zero-field µSR subsequently revealed that
while no change of σZF is found in the superconducting
state of stoichiometric UBe13, an increase is observed at
the second transition induced by Th-doping, as displayed
in Fig. 1(a)31. One of the scenarios proposed was that
this corresponds to a transition into a state with a com-
plex multicomponent order parameter, which breaks time
reversal symmetry36.
Perhaps the two canonical examples of SCs with
strong electronic correlations exhibiting TRS breaking,
although neither without controversy, are Sr2RuO4
7,20,32
and UPt3
21,37. UPt3 is another notable early example of
a heavy fermion SC, where two transitions in the zero-
field specific heat are observed in stoichiometric sam-
ples, clearly indicating an unconventional superconduct-
ing order parameter38 (for a detailed review see Ref. 39).
Zero-field µSR measurements of UPt3 by Luke et al. re-
vealed a clear increase of the Lorentzian relaxation rate
in the superconducting state below the lower critical
temperature37. Here the stoichiometric nature of the
system compared to the aforementioned U1−xThxBe13
allowed the authors to exclude the scenario of an impu-
rity induced magnetic transition, giving a strong indica-
tion of TRS breaking. This result was corroborated much
more recently by measurements of the optical Kerr rota-
tion, displayed in Fig. 1(b)21. Evidence was also found
for TRS breaking in URu2Si2 and very recently, UTe2
using the same technique22,40. In the case of the UTe2,
µSR measurements exhibited a strong temperature de-
pendent relaxation corresponding to ferromagnetic fluc-
tuations, and therefore whether TRS is preserved in the
superconducting state could not be probed41. For Kerr
rotation measurements of UPt3, the onset of TRS break-
ing could be shown to occur at the lower superconducting
transition. This is expected for the proposal of triplet su-
perconductivity with an E2u order parameter
39,42, where
the order parameter picks up a second component at the
lower transition, giving rise to a complex superposition.
One curious aspect is that a subsequent zero-field µSR
study failed to detect an increase of the µSR relaxation
rate within the superconducting state of UPt3
43. The au-
thors of the later study explain this discrepancy as being
due to a higher sample quality, attributing the previous
findings to the presence of defects or impurities.
Sr2RuO4 has been one of the most extensively charac-
terized unconventional superconducting systems, owing
in a large part to the system having the same structure as
the high-Tc cuprates, but it was long thought to be a rare
example of spin-triplet superconductivity outside of the
U-based heavy fermion SCs (see Ref. 7 for a review). Evi-
dence for TRS breaking was reported from zero-field µSR
measurements on single crystals of Sr2RuO4, as displayed
in Fig. 1(c)32. An increase of the Lorentzian relaxation
rate λZF is observed when the muon spin is polarized both
parallel and perpendicular to the c-axis. Although λZF in
µSR measurements is often associated with rapidly fluc-
tuating fields, the fact that the effect is destroyed by a
5TABLE I. Properties of TRS breaking superconductors. S and N in the space group column denote symmorphic and non-
symmorphic crystal structures respectively, while the column headed TRSB evidence displays the techniques from which TRS
breaking was deduced. References not provided in the main text, are also displayed.
Compound TRSB Structure Space Point Inversion Gap structure Proposed
evidence group group state
U1−xThxBe13 µSR Cubic Fm3¯c (S) Oh Y – –
UPt3 µSR, Kerr Hexagonal P63/mmc (N) D6h Y line node E2u triplet
URu2Si2 Kerr Tetragonal I4/mmm (S) D4h Y line + chiral d-wave
point nodes
UTe2
27,28 Kerr Orthorhombic Immm (S) D2h Y point nodes non-unitary
Sr2RuO4 µSR, Kerr Tetragonal I4/mmm (S) D4h Y line node chiral singlet
Pr(Os1−xRux)4Sb12 µSR, Kerr Cubic Im3¯ (S) Th Y full gap, point node multicomponent
d-wave
Pr1−yLayOs4Sb12(y < 1) µSR Cubic Im3¯ (S) Th Y full gap, point node –
Pr1−yLayPt4Ge12(y < 1) µSR Cubic Im3¯ (S) Th Y point node non-unitary p-wave
SrPtAs µSR Hexagonal P63/mmc (N) D6h Y full gap chiral d-wave
Re0.82Nb0.18 µSR Cubic I 4¯3m (S) Td N full gap LSC
Re6(Zr,Hf,Ti)
Re µSR Hexagonal P63/mmc (N) D6h Y full gap –
LaNiC2 µSR, SQUID Orthorhombic Amm2 (S) C2v N two full gaps INT
LaNiGa2 µSR Orthorhombic Cmmm (S) D2h Y two full gaps INT
La7(Ir,Rh)3 µSR Hexagonal P63mc (N) C6v N full gap singlet dominated
mixed state
Zr3Ir
29,30 µSR Tetragonal I 4¯2m (S) D2d N full gap singlet dominated
mixed state
(Lu,Y,Sc)5Rh6Sn18 µSR Tetragonal I41/acd (N) D4h Y full gap multicomponent
singlet or triplet
longitudinal field of 50 mT was taken as evidence that
these fields are static on the timescale of the muon life-
time, and they were estimated to have a characteristic
strength of 0.5 G.
The primary evidence for spin-triplet superconductiv-
ity came from 17O NMR measurements, which suggested
that the Knight shift, and hence the spin-susceptibility,
remains unchanged along all directions upon cooling
through the superconducting transition at Tc ≈ 1.5 K
55.
This conclusion was also supported by polarized neutron
scattering measurements of the spin susceptibility56. The
combination of TRS breaking and triplet superconduc-
tivity naturally led to the proposal of a chiral p-wave
px+ ipy pairing
7. However, there continued to be a num-
ber of outstanding issues, namely that the Knight shift
appeared to be constant along all field directions55, sug-
gesting that the triplet order parameter d(k) rotates with
the applied field, but the spin-orbit coupling would be ex-
pected to be sufficiently strong to pin d(k) along a partic-
ular crystallographic axis. Moreover, Tc did not show the
expected cusp in strain experiments57, and both scanning
SQUID and scanning Hall probe microscopy measure-
ments did not find evidence for the currents anticipated
to emerge at domain edges58,59.
The long held understanding of chiral p-wave super-
conductivity in Sr2RuO4 has been challenged by the re-
cent findings of a decrease in the Knight shift below Tc
in 17O NMR measurements for in-plane fields8, which is
contrary to both earlier NMR studies55, as well as the
expected temperature-independent behavior for chiral p-
6FIG. 1. (a) Temperature dependence of the Gaussian relaxation rate obtained from zero-field µSR measurements of
U1−xThxBe13 for different dopings. For stoichiometric UBe13, no change is observed below Tc, but for 2-4% Th-doping,
an increase in the relaxation rate is observed below the emergent second superconducting transition. Reproduced with per-
mission from Ref. 31. Copyright 1990 by the American Physical Society. (b) Temperature dependence of the Kerr angle and
mutual inductance of UPt3. The increase of the Kerr angle indicates the breaking of time reversal symmetry, and it can be seen
that this onsets at a second transition TKerr = 0.46 K, below the superconducting transition at Tc+ = 0.55 K. From Ref. 21.
Reproduced with permission from AAAS. (c) Temperature dependence of the Lorentzian relaxation rate (λZF in Eq. 4) obtained
from zero-field µSR on Sr2RuO4, with the initial muon spin polarized parallel and perpendicular to the c-axis. Both quantities
show an increase below Tc indicating TRS breaking, while this effect is destroyed by a longitudinal field of 50 mT. Reproduced
with permission from Macmillan Publishers Ltd: Nature32, copyright 1998.
wave pairing. While triplet states with d(k) ⊥ c could
not be completely excluded, these are not expected to
exhibit TRS breaking. Moreover, this surprising result
has been corroborated by subsequent spin-susceptibility
measurements using polarized neutron scattering, where
a drop of around 34% was detected at low temperatures
compared to the value above Tc
60. Spin-singlet super-
conductivity which preserves time-reversal symmetry was
proposed from mapping the momentum dependence of
the gap structure using quasiparticle interference imag-
ing, where it was suggested that the results are most
consistent with dx2−y2 symmetry, similar to that of the
cuprates61. Such a lack of time-reversal symmetry break-
ing was concluded from a recent study of Josephson junc-
tions formed between Sr2RuO4 and Nb, due to the in-
variance of the Josephson critical current upon reversing
the current and field directions62. On the other hand, as
mentioned above the µSR evidence for TRS breaking has
been backed up by optical Kerr effect measurements20.
Moreover, a recent µSR study of Sr2RuO4 under uniaxial
stress again confirmed the enhancement of the µSR re-
laxation rate below Tc in unstressed samples
63. Interest-
ingly, the application of uniaxial stress appears to decou-
ple the onset of TRS breaking from the superconducting
transition, where there is a slight decrease of the onset
temperature with increasing stress, while Tc increases.
Evidence for a two-component order parameter has also
been reported from two studies, based on a discontinuity
in the shear elastic modulus c66 at Tc
64,65. It was pointed
out that both a chiral dxz + idyz state, and an acciden-
tally degenerate dx2−y2 + igxy(x−y2) state corresponding
to a mixture of representations, are compatible with the
requirements of a multicomponent singlet order param-
eter with broken TRS. However, further studies are still
required to determine the nature of the pairing state, and
resolve the apparent discrepancies between the results of
different measurement techniques.
It should be noted that TRS breaking is by no
means an ubiquitous feature of strongly correlated un-
conventional superconductors (Table II). In addition to
the aforementioned stoichiometric UBe13
31, a lack of
evidence for TRS breaking is also found from µSR
measurements of the heavy fermion superconductors
Ce(Co,Ir)In5
45 and CeCu2Si2
44. Meanwhile, zero-field
µSR measurements do not reveal evidence for bro-
ken TRS in the superconducting states of the high-
Tc cuprate superconductors YBa2Cu3O7 (YBCO) and
Bi2Sr2−xLaxCuO6+δ46–48, as expected for dx2−y2 sym-
metry (although evidence for a spontaneous magnetiza-
tion below Tc was reported from SQUID measurements
of YBCO films66). In the case of the Fe-based supercon-
ductors, optimally doped Ba1−xKxFe2As2 (x ≈ 0.6) has
been widely suggested to have a nodeless sign-changing
s± pairing state67–70 while heavily hole doped KFe2As2
7FIG. 2. Lorentzian relaxation rate λZF obtained from fitting µSR spectra of LaNiC2 in (a) zero-field, and (b) a longitudinal field
of 5 mT. In zero-field there is a clear increase of λZF correlated with Tc, which disappears in the longitudinal field. Reproduced
with permission Ref. 10. Copyright 2009 by the American Physical Society. From the analysis of the zero-field µSR of LaNiGa2,
the temperature dependence of the (c) the Gaussian relaxation rate σZF, and (d) the Lorentzian relaxation rate Λ are displayed.
In this case σZF shows a clear increase below Tc, while Λ remains unchanged. Reproduced with permission Ref. 12. Copyright
2012 by the American Physical Society.
TABLE II. A list of those strongly correlated superconduc-
tors where µSR or the Kerr effect have been used to provide
evidence for either the presence or absence of time-reversal
symmetry in the superconducting state.
Material Broken TRS? Reference
UPt3 X/×
21,37,43
UBe13 ×
31
U1−xThxBe13 X
31
(0.02 ≤ x ≤ 0.04)
URu2Si2 X
22
UTe2 X
40
CeCu2Si2 ×
44
CeCoIn5 ×
45
CeIrIn5 ×
45
YBa2Cu3O7 ×
46,47
Bi2Sr2−xLaxCuO6+δ ×
46,48
Ba1−xKxFe2As2 ×,X(x = 0.73)
49,50
Sr2RuO4 X
20,32
Pr(Os1−xRux)4Sb12 X
51,52
Pr1−yLayOs4Sb12(y < 1) X
52
Pr1−yLayPt4Ge12(y < 1) X
53,54
was proposed to be a nodal d-wave superconductor71–74.
It was predicted that the crossover between these pairing
states with different symmetries should be via an inter-
mediate s+id state with broken TRS75. However, appar-
ently conflicting results are found experimentally, where
a zero-field µSR study of a number of dopings in the range
x = 0.5 − 0.9 found no evidence for TRS breaking49.
Meanwhile, another µSR study of a crystal with dop-
ing x ≈ 0.73, which was ion-irradiated so as to create
lattice symmetry breaking defects, showed evidence for
TRS breaking in the superconducting state50. The dif-
ferent results from the previous study was attributed to
the s+ id state existing only over a narrow doping range.
On the other hand, subsequent studies suggested that
s-wave pairing symmetry is preserved across the entire
Ba1−xKxFe2As2 phase diagram, even in the nodal states
of the heavily hole doped samples76,77.
B. Rare-earth based filled-skutterudites
The filled-skutterudites MT4X12 (M = rare earth or
alkaline earth, T = transition metal, and X = Ge, P,
As, Sb) are a large family of materials with fascinating
properties, in which several compounds become super-
conducting at low temperature78–82. Among these, the
heavy fermion superconductor PrOs4Sb12 is unique in
that superconductivity is likely mediated by quadrupo-
lar fluctuations80. On the other hand, other filled skut-
terudite superconductors behave more like conventional
s-wave superconductors83–86, lacking evidence for strong
electronic correlations. TRS breaking has been found
from zero-field µSR measurements of PrOs4Sb12
51 and
PrPt4Ge12
53. In the case of PrOs4Sb12, this conclusion
was also supported by Kerr effect measurements24. The
TRS breaking appears to be related to the presence of
Pr3+ ions, since the size of the increase in σZF below Tc is
reduced by La-doping, and TRS breaking is not detected
in the purely La-based compounds52,54. Furthermore, a
8more rapid suppression of TRS breaking is observed when
replacing Os with Ru atoms in PrOs4Sb12
52.
The superconducting properties of MT4X12 have been
intensively studied, in particular for the compounds
PrOs4Sb12 and PrxPt4Ge12, but the nature of their order
parameter remains to be established. A number of mea-
surements, including measurements of the lower critical
field, thermal conductivity and µSR suggest fully gapped
multiband superconductivity for these compounds87–92.
However, there are also signatures of unconventional su-
perconductivity in PrOs4Sb12, such as the absence of a
coherence peak in 1/T1 below Tc
93, as well as evidence
for point nodes from the penetration depth94 and angular
dependent thermal transport95. Substitution of either Pr
by La, or Os by Ru in PrOs4Sb12 leads to the suppres-
sion of the nodal behavior, suggesting a possible change
of the pairing state in the doped compounds52,54,96. Sim-
ilar debate also exists for PrPt4Ge12. The early mea-
surements of the specific heat and µSR suggest nodal su-
perconductivity for PrPt4Ge12
97. Later measurements of
the London penetration depth98,99, specific heat, thermal
transport85, NQR100 and photoemission spectroscopy101
demonstrate that both PrPt4Ge12 and LaPt4Ge12 be-
have more like conventional BCS superconductors with a
fully opened energy gap. The smooth evolution of the su-
perconducting transition between the Pr-based end com-
pounds with TRS breaking, and the time reversal pre-
serving La-based materials, is difficult to account for and
requires further studies.
C. TRS breaking in fully gapped superconductors
In recent years there have been a number of reported
cases of materials with evidence for TRS breaking in the
superconducting state, which appear to be quite distinct
from the aforementioned examples in strongly correlated
SCs. The properties of these systems are also in Table I.
Besides there being a lack of evidence for an underly-
ing correlated state in many cases, the superconducting
properties generally appear to behave similar to conven-
tional s-wave SCs, i.e. the superconducting gap is fully
open over the whole Fermi surface. This leads to the
question of whether the origin of TRS breaking is from
an unconventional superconducting state arising from a
pairing mechanism other than the electron-phonon mech-
anism of BCS theory, or if such behavior can be realized
via conventional pairing.
1. LaNiC2 and LaNiGa2
Evidence for TRS breaking has been found from zero-
field µSR measurements of the SCs LaNiC2 (Tc =
2.7 K)10 and LaNiGa2 (Tc = 2.1 K)
12. These materials
crystallize in different, but related orthorhombic crystal
structures. LaNiGa2 crystallizes in a centrosymmetric
structure with space group Cmmm (point groupD2h)
102,
whereas LaNiC2 has a noncentrosymmetric space group
Amm2 (point group C2v), where inversion symmetry is
broken within the Ni-C layer lying half way between the
A-faced centers103. The TRS breaking is manifested by
an abrupt increase in the relaxation rate of the asym-
metry in the zero-field µSR spectra measured below Tc,
while above Tc, the spectra are temperature independent
(Fig. 2). Upon analysis using Eq. 4, it was found that the
increase below Tc is in λZF(T ) for LaNiC2, but σZF(T )
for LaNiGa2. Since however, the effect is destroyed in
LaNiC2 by the application of a small longitudinal field of
5 mT, the behavior for both compounds was ascribed to
the spontaneous onset of weak static fields in the super-
conducting state.
In LaNiC2, the occurrence of TRS breaking is sup-
ported by magnetization measurements using a SQUID
magnetometer33. Here single crystalline LaNiC2 was
measured together with a reference SC Ta, where the
latter was used to detect and cancel the stray field. The
zero-field magnetization of LaNiC2 was then determined
by measuring the magnetic flux change upon cooling un-
der these zero-field conditions. From the temperature
dependence of the magnetization change for the highest
quality crystal, after subtracting the value at 3.5 K It was
found that while no features occur along the a-axis, there
is a distinct increase of ∆M(T ) along the c-axis. More-
over, when the sample direction is reversed, the sign of
the magnetization change is also flipped, suggesting that
this magnetization is intrinsic to the sample. While in
TRS breaking SCs, the presence of differently orientated
domains may be expected to lead to zero net magneti-
zation (as opposed to the local magnetic fields detected
using µSR), the authors suggest that the lack of equiva-
lence between the [001] and [001¯] directions in the non-
centrosymmetric crystal structure may lead to pinning of
the magnetization along this direction.
The superconducting gap structures of both materials
have been probed via a number of methods. While ini-
tially a T 3 dependence of the specific heat was reported
for LaNiC2
103, suggesting a line nodal gap, subsequent
measurements at low temperatures reported the expo-
nential behavior characteristic of a fully open gap104,105.
This conclusion was corroborated by penetration depth
measurements using the tunnel-diode oscillator based
technique105, as well as a nuclear quadrupole reso-
nance (NQR) study of the spin-lattice relaxation rate106.
Meanwhile fully-gapped superconductivity in LaNiGa2
was reported from measurements of both the specific heat
and magnetic penetration depth13,102. Moreover, from
combining low temperature magnetic penetration depth
measurements performed using the tunnel-diode oscilla-
tor based method, specific heat and upper critical field
results, it was found that the behaviors of both com-
pounds are consistently well described by a model with
two nodeless gaps (Fig. 3)13,105, indicating that nodeless
two-gap superconductivity is another common feature of
LaNiC2 and LaNiGa2. These experimental results were
reconciled by the proposal of an internally-antisymmetric
9FIG. 3. (a) Temperature dependence of the normalized
superfluid density, derived from ∆λ(T ) measured using the
tunnel-diode oscillator based technique for (a) LaNiC2, and
(b) LaNiGa2. The solid lines in both panels show the results
from fitting using nodeless two-gap models. Panel (a) is re-
produced from Ref. 105, available under a Creative Commons
Attribution 3.0 Unported (CC-BY) license; (b) is reproduced
with permission Ref. 13. Copyright 2016 by the American
Physical Society.
nonunitary triplet ground state, described in more detail
in Section VII.
2. Noncentrosymmetric La7X3 and ReX
In noncentrosymmetric SCs, antisymmetric spin-orbit
coupling (ASOC) can give rise to a mixed singlet-triplet
pairing state. As discussed in Section VII, however,
the low symmetry of the orthorhombic point group of
LaNiC2 means that even if inversion symmetry is bro-
ken, the ASOC cannot give rise to mixed singlet-triplet
pairing states which break time-reversal symmetry at Tc.
However, TRS breaking has been found in several other
noncentrosymmetric SCs with higher symmetries, which
opened up the possibility for such singlet-triplet mixing.
La7Ir3 and La7Rh3 crystallize in the noncentrosym-
metric hexagonal Th7P3 type-structure with Tc = 2.3
and 2.65 K, respectively. Zero-field µSR on La7Ir3 re-
vealed a clear increase of λZF(T ) below Tc, similar to the
case of LaNiC2, while σZF shows little change
110. Mean-
while from µSR measurements in an applied transverse
field, the temperature dependence of the superfluid den-
sity derived from the magnetic penetration depth λ(T )
is very well described by a single isotropic gap, with
a magnitude slightly larger than that of weak coupling
BCS theory110. The good accordance with single gap s-
wave superconductivity is also supported by the analysis
of the specific heat111. Furthermore, the estimated Tc
based on a first principles calculation of the phonon fre-
quencies and electron phonon-coupling constant is very
close to the experimentally observed value, giving a
strong indication of a conventional electron-phonon pair-
ing mechanism111. Evidence for TRS breaking was also
found in La7Rh3, where the penetration depth could be
described by a single band s-wave model112.
Another large class of materials where evidence for
TRS breaking superconductivity is found is in Re-based
alloys ReX with the α-Mn type cubic structure (space
group I 4¯3m), which were first reported by Matthias et
al. nearly 60 years ago113,114. The crystal structure
has a large unit cell with 58 atoms and four distinct
crystallographic sites. These systems are generally non-
stoichiometric with intrinsic site disorder, especially on
the two sites with 24g Wyckoff positions. TRS break-
ing below Tc was initially found from µSR measure-
ments of Re6Zr
107, as displayed in Fig. 4. Here the
symmetry analysis for the cubic point group shows that
TRS breaking singlet-triplet mixing pairing states below
Tc are permitted. TRS breaking was subsequently re-
ported in several other ReX systems including Re6Hf
115,
Re6Ti/Re24Ti5
116,117 and Re0.82Nb0.18
108. In all cases,
the TRS breaking is manifested by the increase of σZF
below Tc. Moreover, while some studies have found evi-
dence for two-gap superconductivity in ReX118,119, most
measurements were generally well accounted for by a sin-
gle gap s-wave model107–109,115–117,120–126. An example
of this is displayed in Fig. 5, where it can be seen that the
superfluid density derived from penetration depth mea-
surements of single crystals of Re6Zr using the tunnel
diode oscillator based method are well described using a
model with a single isotropic gap109. Furthermore, these
data are highly consistent with the superfluid density de-
termined from TF-µSR results107.
A very surprising result was however reported in
Ref. 108, which shows that the element rhenium also
exhibits the signatures of TRS breaking in supercon-
ducting state [Fig. 4(b)]. Rhenium has a simple cen-
trosymmetric crystal structure, and this therefore sug-
gests that the breaking of inversion symmetry and the
accompanying ASOC are not crucial ingredients for re-
alizing TRS breaking in this series. This rather sug-
gests that the local electronic structure of Re is impor-
tant. This is consistent with α-Mn type SCs which do
not contain Re but still have sizeable ASOC, such as
Nb0.5Os0.5 and Mg10Ir19B16, being found not to exhibit
TRS breaking127,128. Furthermore, as shown in Fig. 4(c)
a clear correlation is found between the magnitude of the
internal field emerging below Tc, which can be estimated
from the increase of σZF, and the size of the nuclear mo-
ments µn corresponding to µn =
√
fReµ2n,Re + fXµ
2
n,X,
where µn,Re and µn,X are the nuclear moments of Re and
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FIG. 4. (a) Temperature dependence of the Lorentzian and Gaussian relaxation rates obtained from zero-field µSR measure-
ments of Re6Zr, where the latter shows a clear increase below Tc indicating TRS breaking. Reproduced from Ref. 107, available
under a Creative Commons Attribution 3.0 License. (b) µSR time spectra of elemental Re measured in zero-field above and
below Tc, and in a longitudinal field of 15 mT in the superconducting state. The more rapid depolarization below Tc indicates
the presence of TRS breaking of elemental Re, and as shown in the inset this onsets below Tc. (c) Plot of the internal field
estimated from the increase of σZF below Tc as a function of the nuclear moment calculated from the nuclear moments of the
constituent elements and their relative fractions. A clear positive correlation is observed between the two quantities. Both (b)
and (c) are reproduced with permission from Ref. 108. Copyright 2018 by the American Physical Society.
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FIG. 5. Temperature dependence of the superfluid density
of Re6Zr, derived from measurements of the magnetic pene-
tration depth using the tunnel-diode oscillator based method.
The superfluid density determined from µSR measurements
are also displayed107, where close agreement is found from
the two methods. The data are well described by single gap
isotropic s-wave models for both the clean and dirty limits.
Reproduced with permission from Ref. 109. Copyright 2018
by the American Physical Society.
X elements, and f are the relative fractions. Since µn,Re
is relatively large, the systems with larger Re content
generally show a larger internal field, while in less Re
rich Re3W, TRS breaking cannot be detected
129. How-
ever the origin of this correlation is difficult to account
for, and this requires further experimental and theoreti-
cal study.
3. Weakly-correlated centrosymmetric superconductors
Although most of the recent examples of supercon-
ductors with broken TRS have been noncentrosymmet-
ric systems, the role played, if any, by the broken in-
version symmetry in giving rise to this phenomenon re-
mains to be established. The crystal structure of SrPtAs
is globally centrosymmetric, with the hexagonal space
group P63/mmc, and it becomes superconducting below
Tc = 2.4 K
130. However, the structure consists of two
Pt-As layers stacked alternately along the c-axis, where
inversion symmetry is broken locally within the layers.
Therefore if the coupling between Pt-As layers is weak,
novel superconducting pairing states may be realized131,
similar to the case where inversion symmetry is globally
absent. TRS was found to be broken below Tc in SrPtAs
from an increase of λZF below Tc
129. Despite a num-
ber of novel theoretical proposals such as chiral d-wave
and f -wave pairings132–134, Knight shift measurements
indicate the presence of singlet pairing135, and probes of
the gap structure can be accounted for with a nodeless
isotropic gap129,135–137. Note that such alkaline-earth
based equiatomic ternary compounds crystallize in sev-
eral different structures. CaPtAs is a noncentrosymmet-
ric superconductor with a tetragonal structure and a Tc
of 1.47 K138, where evidence for broken TRS is also found
from µSR measurements and there is likely a nodal gap
structure139.
The R5Rh6Sn18 (R=Lu, Y, Sc) SCs have a centrosym-
metric caged structure140. Here the tetragonal structure
with space group I41/acd corresponds to a distortion of
a cubic structure, where the periodicity of the lattice
doubles along the c-axis. The signatures of TRS break-
ing were found for all three compounds from zero-field
µSR measurements141–143, as manifested in an increase
of λZF below Tc. On the basis of a symmetry analysis,
two potential unconventional TRS breaking states were
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proposed, a d+ id singlet state and a non-unitary triplet
state141. The former has two point nodes and a line node
on a three-dimensional Fermi surface, while the latter has
only point nodes. On the other hand, the superfluid den-
sity extracted from transverse field µSR measurements
for R=Lu and Y saturates at low temperature, and is
well described by a single isotropic gap141,142. More-
over, nodeless superconductivity was deduced for these
two compounds from the absence of a residual contribu-
tion to the thermal conductivity at low temperatures144,
while the specific heat of Sc5Rh6Sn18 is also well de-
scribed by an s-wave model145. However, in the case of
Y5Rh6Sn18 evidence for gap anisotropy was found from
a four-fold oscillation of the specific heat coefficient in
the ab-plane146, and a non-linear field dependence of the
same quantity147, suggesting a possible deviation from
isotropic s-wave superconductivity.
IV. THEORETICAL ANALYSIS
In this section, we outline theoretical efforts to un-
derstand the order parameter symmetry and underly-
ing pairing mechanisms of the TRS breaking SCs dis-
cussed in the previous section. The starting point is the
group-theoretical formulation of Ginzburg-Landau (GL)
theory148–150. This very general technique allows us to
obtain important information about the superconducting
ground state using only general symmetry properties of
the material, that is, without requiring information about
the underlying pairing mechanism. Once this has been
achieved, the experimentally observable properties of the
symmetry-allowed ground states can be investigated by
a generalized BCS-type mean-field approach within the
Bogoliubov-de Gennes formalism150. This second step
may require a model for the pairing interaction. We
describe applications of such approaches to the materi-
als discussed above, emphasizing how experimental data,
band structure and such theories can in principle lead to
a complete understanding of the properties of the TRS-
breaking superconducting ground states. We also discuss
the difficulties that are encountered in practice in trying
to carry out such a programme.
A. Group theoretical formulation of the
Ginzburg-Landau theory
Here we review the group theoretical formulation of the
GL theory used to constrain possible forms of supercon-
ducting order parameters using the underlying symme-
tries of the crystal structure without requiring the knowl-
edge of the pairing mechanisms. We use specific examples
of TRS breaking superconducting materials to illustrate
what can be learned about possible order parameters
based on these general considerations. In particular, we
discuss the conditions under which TRS breaking implies
symmetry-required nodes on the Fermi surface in view of
their respective band structures and the constraints on
the pairing state imposed by spin-orbit coupling depend-
ing on the presence of inversion symmetry in the SCs.
Landau theory151 is a phenomenological theory of con-
tinuous phase transitions. It has been immensely suc-
cessful in accurately predicting the qualitative features
of a wide range of phase transitions featuring change in
symmetry. The basic assumption of the theory is that
there is a continuous transition at a given transition tem-
perature (Tc), between symmetrically distinct low tem-
perature and high temperature phases. The aim is to
establish a relation between the symmetries of the two
phases and find relevant physical thermodynamic quan-
tities which change anomalously across the transition.
This is achieved by introducing the concept of an order
parameter and a thermodynamic potential. The change
in symmetry across the phase transition is quantified
by the order parameter, a thermodynamic quantity (e.g.
magnetization of a ferromagnet) which is zero in the sym-
metric (disordered) high temperature phase and nonzero
in the ordered phase at low temperatures. Since the tran-
sition is assumed to be continuous, the absolute size of
the order parameter can be assumed to be small near Tc
such that the thermodynamic potential can be expressed
as a Taylor expansion of the order parameter components
and only one irreducible degree of freedom participates
in determining the symmetry breaking at Tc. Important
consequences are discontinuous changes in physical quan-
tities related to second-order derivatives of the thermo-
dynamic potential at Tc and the absence of co-existent
regions of two phases.
We now focus on the case of a superconducting phase
transition. From the point of view of GL theory, the
superconducting phase transition is a continuous phase
transition accompanied by spontaneous gauge symmetry
breaking at Tc. The latter leads to the rigidity of the
phase of the electron fluid which in turn gives rise to the
classic properties of SCs: zero resistance, Meissner effect
and the Josephson effect152.
B. Normal state symmetry group
In discussing the symmetry properties of the possible
superconducting order parameters we first need to con-
sider the generic symmetry properties of the material. In
the normal state, the system must be invariant under the
normal state symmetry group148–150 defined as
G = G⊗ U(1)⊗ T. (7)
Thus G is a direct product (represented by ⊗) group
of the group G of crystalline symmetries with rotations
in spin space, the gauge symmetry group U(1) and the
group of time reversal operations T. When spin-orbit
coupling (SOC) is not important and the normal state is
nonmagnetic, we can write G = Gc ⊗ SO(3) where Gc is
the space group of the crystal and SO(3) is the group of
rotations in spin space in 3D.
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Landau theory states that the possible symmetries of
the order parameter just below Tc are determined by the
irreducible representations (irreps) of G. Near Tc, the GL
free energy can be approximated by a finite Taylor expan-
sion in the order parameter components as the magnitude
of the order parameter itself is small. The free energy
thus expressed must be invariant under G. Remarkably,
this is enough to constrain the possible symmetries of the
order parameter. SCs which only break the U(1) symme-
try are called conventional SCs and those with additional
broken symmetries other than U(1) are termed, in this
context, unconventional SCs.
We will consider superconducting instabilities that are
uniform throughout the system. In this case, the possible
superconducting order parameters can be constructed by
considering only the symmetries of a single unit cell. For
a crystal with symmorphic space group, the symmetry of
a unit cell is described by the point group (containing ro-
tations and reflections) of the underlying Bravais lattice.
In this case, we can write Gc = G0 ⊗ T where T is the
translation group of the crystal and G0 is the crystalline
point group. However, for a crystal with nonsymmor-
phic space group symmetries the symmetry operations
within a unit cell include nonsymmorphic operations such
as screw axes (rotation about an axis with a fractional
translation, i.e. by a fraction of the primitive lattice vec-
tor, parallel to the axis of rotation) and/or glide planes
(reflection in a plane followed by a fractional translation
parallel with that plane). These are in addition to some
of the regular point symmetry operations.
The presence of nonsymmorphic symmetries has im-
portant consequences for the gap structure of a mate-
rial which include the violation of Blount’s theorem153.
Blount’s theorem states that no symmetry protected line
nodes are allowed in an odd-parity SC. Although sym-
morphic crystals obey this theorem, recent studies154–157
have shown that nonsymmorphic symmetries can lead to
symmetry protected line nodes even in odd-parity SCs.
The essence is that the nonsymmorphic symmetries can
cause additional symmetry-required nodes on the Bril-
louin zone faces along high-symmetry directions. These
nodes will affect the thermodynamic properties of the
system when Fermi surfaces touch the Brillouin zone
edges and are not “open” along those high-symmetry di-
rections. Barring these symmetry-required nodes, the
overall symmetry of the order parameter can still be de-
termined by considering the underlying point group op-
erations of the crystal. This is the approach we take in
the following discussions.
C. Construction of the GL free energy
Under the general assumptions of Landau theory, i. e.
the existence of an order parameter and its continuous
change as a function of temperature across Tc, we can
construct a generic form valid near Tc of the GL free en-
ergy as a Taylor expansion of the order parameter. In
this regime, the order parameter and its spatial variation
is assumed to be small. Taking the order parameter to
consist of a set of complex numbers {∆i} which will vary
continuously as functions of T and vanish when T > Tc,
the generic form of the GL free energy149,150 in the ab-
sence of magnetic fields is given by
f = f0 +
∑
i,j
∆∗iαi,j∆j +
∑
i,j,k,l
∆∗i∆
∗
jβi,j,k,l∆k∆l
+
∑
i,j,k,l
∂i∆
∗
jKi,j,k,l∂k∆l + . . . (8)
Here, f0 is the free energy of the normal state, αi,j are
the elements of the inverse pairing susceptibility matrix
αˆ, βi,j,k,l are the elements of the βˆ tensor characteriz-
ing the fourth order term and Ki,j,k,l are the elements of
the Kˆ tensor characterizing the spatial variation of the
free energy. The free energy has the same symmetry as
an effective action or an effective Hamiltonian describing
the normal state and must be invariant under the trans-
formations of the normal state symmetry group G. As
a result, the way the order parameter changes under the
operations in G implies that the elements of αˆ, βˆ and Kˆ
are constrained by symmetry. For example, 1) the free
energy must be real and invariant under TRS which con-
strains αˆ to be a real symmetric matrix and βˆ to be a
real tensor, 2) βi,j,k,l = βj,i,k,l = βi,j,l,k = βj,i,l,k, 3)
free energy has to be invariant under G which implies
αˆ = Rˆ†gαˆRˆg ∀g ∈ G with Rˆg being a matrix representa-
tion of the element g.
Representation theory of groups can now be used to
block-diagonalize the αˆ matrix with blocks of the same
dimensions as those of the irreps of G. Each block can
further be transformed, using a suitable basis for the irrep
of dimension d, into a number times the identity matrix
of order d. Thus a d-dimensional irrep produces a d-fold
degenerate eigenvalue. These eigenvalues of the αˆ matrix
are of special significance since they correspond to all the
possible symmetry allowed channels of superconducting
instabilities in the system.
At high temperature the superconducting state is un-
stable, leading to all the eigenvalues being positive defi-
nite. But as the temperature is lowered, they can change
sign. Assuming the eigenvalue α1 changes sign first, we
can take the form α1 = a0(T − Tc) with a0 being a pos-
itive real number. The analyticity of α1 stems from the
basic underlying assumption of continuous change of the
order parameter as a function of temperature. The insta-
bility corresponding to α1 will have the highest Tc and
will characterize the superconducting properties of the
ground state of the system.
We consider the instability with the highest Tc to cor-
respond to the d-dimensional irrep Γ of G. Then the
corresponding order parameter of the system close to Tc
can be written as
∆ˆ(k) =
d∑
m=1
ηΓm∆
Γ
m(k) (9)
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where ηΓm are the complex amplitudes of the order pa-
rameter ∆ˆ, also called the gap matrix or the pairing po-
tential, corresponding to the basis functions ∆Γm(k) of
Γ. The thermodynamic properties of the state are then
completely described by the set {ηΓm} and thus those am-
plitudes can be used as an alternative description of the
order parameter. In the basis function space {∆Γm(k)},
these numbers transform as: T η = η∗ and Cη = eiφη
where T is the TRS operator and C is the gauge trans-
formation operator with φ being a phase.
We now restrict our discussion to the particular irrep Γ
and write the free energy as a Taylor expansion in {ηm}
(dropping the Γ label):
f = f0 + a0(T − Tc)
∑
m
|ηm|
2 +
∑
ijkl
βijklη
∗
i η
∗
j ηkηl
+
∑
ijkl
Kijkl∂iη
∗
j ∂kηl + . . . (10)
For overall stability, the fourth order term in the free en-
ergy must be positive definite. The terms corresponding
to a particular order in the free energy can now be con-
structed by constructing invariant polynomials148–150 of
that order corresponding to the particular irrep of the
symmetry group. Thus the symmetry constraints result
in a fourth order term which depends on a few, material-
dependent parameters {βn}. By minimizing the free en-
ergy for T < Tc with respect to all the complex variables
{ηi}, all the distinct superconducting states that can ex-
ist just below Tc for an instability in the channel Γ can
now be obtained and a phase diagram showing which
of these states is realized depending on the values of the
GL parameters can be constructed. In each of the phases
there will be a particular relation between the different ηi
coefficients. If their complex phases differ by more than
a mere change of sign, then we have a state with bro-
ken TRS. Evidently this requires a degenerate instability
channel, i.e. one with d > 1.
It is worth noting that following the above procedure
we may still find that some of the states in a given chan-
nel are degenerate. The degeneracy can be lifted150 by
the effects of crystal field splitting, SOC and/or strong
coupling. Mostly, the fourth order term in the free en-
ergy is sufficient to get non-degenerate superconducting
states when crystal field, SOC or strong coupling effects
are taken into account. However, in some cases, a few
spurious degeneracies can still remain requiring the need
to consider higher order terms150 in the free energy. We
will only consider the free energy up to fourth order in the
subsequent discussions. One important point to note is
that classifying the superconducting states in this man-
ner gives emphasis only on the symmetry of the order
parameter and not on its specific form.
D. Structure of the order parameter
In determining the structures of the possible order pa-
rameters, it is important to consider the effect of SOC
on the normal state band structure of the material. If
SOC leads to significant band splitting near the Fermi
level, most probably it will be important in determining
the properties of the superconducting ground state. If
we consider BCS-type pairing in an effective single band
picture, the Cooper pairs can only be of two types: spin
singlet and spin triplet. These two kinds of pairing, sin-
glet and triplet, can be distinguished by their different
behaviors under rotations in spin space in the absence of
SOC or when the effect of SOC can be neglected. But
when SOC is finite and can not neglected, spin rotation
and space rotation can not be separated. Then, since the
overall Cooper pair wave function has to be antisymmet-
ric, only parity (Pˆ ) of the Cooper pair wave function can
distinguish between spin singlet (even parity) and spin
triplet (odd parity) states.
The above argument applies to any centrosymmetric
SC. However, a noncentrosymmetric material lacks in-
version symmetry. As a result, parity is not a well de-
fined symmetry in this case. The crucial difference be-
tween centrosymmetric and noncentrosymmetric SCs is
that for noncentrosymmetric SCs the irreps of G0 do not
have distinct symmetries under inversion and thus each
of them are compatible with both singlet and triplet pair-
ing. This results in the admixture of singlet and triplet
pairing within the same superconducting state of a non-
centrosymmetric material with strong SOC158. In con-
trast, centrosymmetric SCs have either purely singlet or
purely triplet pairing even with strong SOC, distinguish-
able by their respective parities. Thus noncentrosym-
metric SCs are in this sense special since SOC has more
dramatic effect on them than in their centrosymmetric
counterparts.
In the case of strong SOC, the single-particle states
are no longer the eigenstates of spin and we need to la-
bel them rather by pseudospins. The pseudospin states
are linear combinations of the spin eigenstates. How-
ever, the pseudospin states can be thought to be gen-
erated from the spin eigenstates by adiabatically turn-
ing on the SOC. Hence, the original spin eigenstates and
the pseudospin states have one-to-one correspondence.
If α and β labels the pseudospin states then we can
identify ↑≡ α and ↓≡ β. In such a system zero mo-
mentum Cooper pairs are formed from particles from
energetically degenerate states. The pseudospin states
|k, α〉 and its time reversed partner T |k, α〉 = | − k, β〉
(where T is the time-reversal operator) are paired for the
case of even parity singlet pairing while four degenerate
states |k, α〉, T |k, α〉 = | − k, β〉, P|k, α〉 = | − k, α〉 and
T P|k, α〉 = |k, β〉 (P is the parity or the inversion op-
erator) participate in pairing in the case of odd parity
pairing. Since the pseudospin and the spin are closely re-
lated, the even parity states correspond to pseudospin
singlet and the odd parity states correspond to pseu-
dospin triplet states. These pseudospin superconducting
states lead to important differences from their original
spin counterparts which are apparent, for example, when
considering a junction between two such materials with
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different SOC strengths150.
From the phenomenological GL theory of supercon-
ductivity6,159, we know that the superconducting order
parameter has the same symmetry as a Cooper pair wave
function. Thus, the antisymmetry of fermionic wave
function requires
∆ˆ(k) = −∆ˆT (−k). (11)
Below Tc, it must have the full symmetry of the nor-
mal state and can be written in terms of the irreps of
G as shown in Eqn. (9). For uniform superconduct-
ing instabilities and without any SOC, the structures
of the order parameters are determined by the irreps of
G′ = G0 ⊗ SO(3). If Γˆc and Γˆs are the irreps of G0 and
SO(3) respectively, the irreps of G′ have the form
Γˆ = Γˆc ⊗ Γˆs. (12)
Then if {Γcm(k) : m = 1, . . . , nc} forms a basis for Γˆ
c
with nc being its dimensionality and {Γ
s
n : n = 1, . . . , ns}
forms a basis for Γˆs with ns being its dimensionality,
we can construct a basis for Γˆ as Γm,n(k) = Γ
c
m(k)Γ
s
n.
The dimensionality of Γˆ is then given by d = ncns. In
the superconducting state, we can write the gap function
from Eqn. (9) as
∆ˆ(k) =
nc∑
m=1
ns∑
n=1
ηm,nΓ
c
m(k)Γ
s
n. (13)
Thus, the order parameters in the singlet representa-
tions have the form
∆ˆsinglet(k) =
nc∑
m=1
ηsmΓ
c
m(k)Γ
s
singlet = Γ
s
singlet∆s(k) (14)
requiring (by Eqn. (11)) Γssinglet = −
(
Γssinglet
)T
and
Γcm(−k) = Γ
c
m(k) which in turn implies ∆s(−k) =
∆s(k), i.e. an even scalar function. The singlet case
is thus called an even parity superconducting state. Sim-
ilarly, in the triplet case, the order parameter can be
written as
∆ˆtriplet(k) =
nc∑
m=1
∑
n=−1,0,1
ηtm,nΓ
c
m(k)Γ
s
triplet,n (15)
requiring (by Eqn. (11)) Γstriplet,n =
(
Γstriplet,n
)T
and
Γcm(−k) = −Γ
c
m(k). The triplet case is thus called an
odd parity superconducting state.
The spin dependence of the gap function can be com-
pactly written using a general 2 × 2 matrix formalism
as
∆ˆ(k) =
[
∆↑↑ ∆↑↓
∆↓↑ ∆↓↓
]
. (16)
Then, ∆ˆ(k) is called the gap matrix. Then the gap ma-
trix for the singlet case is
∆ˆsinglet(k) = ∆s(k)iσy =
(
0 ∆s(k)
−∆s(k) 0
)
(17)
where ∆s(k) = ∆s(−k) is an even function of k. The
gap matrix for the triplet case can be written as
∆ˆtriplet(k) =
[
∆↑↑ ∆0
∆0 ∆↓↓
]
=
[
−dx + idy dz
dz dx + idy
]
= (d(k).σˆ)iσy. (18)
Here, σˆ is a vector with the three Pauli spin matrices as
its components and d(k) = −d(−k) is a complex odd
vector function which transforms as a 3D vector under
rotation in the spin space.
The d(k)-vector compactly describes the spin and an-
gular momentum of the Cooper pairs and the nodal struc-
ture of the energy gap. In this case, it is instructive to
define the vector
q(k) = i(d(k)× d∗(k)). (19)
Note that q(k) is a real even vector function of k. Then
depending on the value of q(k), there are two types of
possible triplet pairing: q(k) = 0 is called a unitary
triplet pairing state and q(k) 6= 0 is called a nonuni-
tary triplet pairing state. The finite q(k) corresponding
to the non-unitary triplet pairing case is of special inter-
est since it implies structural difference in pairing of up
spins and down spins along different k-directions which
in turn results in TRS breaking. In general, we have
∆ˆtriplet(k)∆ˆ
†
triplet(k) = |d(k)|
2
12 + q(k).σˆ . (20)
This product plays an important role in distinguishing
between the unitary and nonunitary types of pairing
states.
For centrosymmetric SCs with strong SOC, the pseu-
dospin singlet and pseudospin triplet order parameters
have the same form as in Eqn. (17) and Eqn. (18) respec-
tively. Whereas for noncentrosymmetric SCs with strong
SOC, the superconducting state with mixed singlet and
triplet components has the gap matrix
∆ˆ(k) = [∆s(k) + d(k).σˆ ]iσy. (21)
We note that, in general, the singlet gap function
∆s(k) can be written as
∆s(k) =
∑
m
cmYl,m(kˆ) with l = even (22)
and the triplet d-vector can be written as
d(k) =
∑
m,n=x,y,z
bm,nYl,m(kˆ)nˆ with l = odd. (23)
Here, Yl,m(kˆ) are the spherical harmonics in the k-space,
cm and bm,n are complex coefficients. Thus, these gap
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functions are given a nomenclature according to their
respective angular momentum quantum number. In gen-
eral, if the gap matrix satisfies ∆ˆ(δk) = δl∆ˆ(k) for a real
number δ, then l = 0, 1, 2, . . . are called s-wave, p-wave,
d-wave, . . . superconducting states respectively.
V. TIME REVERSAL SYMMETRY BREAKING
ORDER PARAMETERS
We now specialize to the case of SCs which sponta-
neously break TRS in this section. We first note that
TRS breaking in the superconducting ground state re-
quires a degenerate instability channel corresponding to
a multi-dimensional irrep of G. This argument hinges on
the fact that a TRS breaking state with order parame-
ter ∆ˆ(k) under the TRS operation should transform to
a new state with order parameter ∆ˆ′(k) = T ∆ˆ(k) where
∆ˆ′(k) is not simply related by an overall phase to ∆ˆ(k).
The simplest possible way it can happen is by a multi-
component order parameter with nontrivial phase differ-
ence between its components. The origin of the multi-
component order parameter from a multidimensional ir-
rep of G can however be very different, for example, it
can correspond to the underlying point group G0 (an
example of this is the chiral p-wave state proposed for
Sr2RuO4
7), the group of spin rotations SO(3) (for ex-
ample a nonunitary triplet state with equal spin pairing
proposed for the cases of LaNiC2 and LaNiGa2
10–13) or
the TRS group itself (for example the special case of the
chiral point group C4 allowing for a loop-super current
ground state9).
We note that the classification scheme of the super-
conducting order parameters discussed in the previous
section can lead to many symmetry-allowed TRS break-
ing channels with similar predicted thermodynamic con-
sequences149. Thus, in general it can be very hard to pin
down the exact symmetry of the superconducting order
parameter by routine probes of unconventional SCs in a
real material.
A. Example of a TRS breaking state: a chiral
superconductor
We now illustrate how to use the GL formalism out-
lined above to deduce the possible TRS breaking states
of a SC through a particular example.
Chiral SCs160 are defined as SCs for which the phase of
the order parameter winds in a certain direction (clock-
wise or anticlockwise) while moving in the k-space about
some axis on the Fermi surface of the underlying metal.
The case of a TRS breaking state resulting from a multi-
dimensional irrep of the point group is thus very interest-
ing, since it necessarily gives rise to a type of supercon-
ducting ground state which is chiral in nature. Also, in
this case, since the superconducting ground state breaks
TABLE III. Important basis functions of D4h for the 2 two
dimensional irreps corresponding to strong SOC. A1, A2 and
B2 are constants independent of k.
D2d Basis functions
Irreps Scalar (even) Vector (odd)
Eg A1kz
(
kx
ky
)
–
Eu –
(
A2kzxˆ+B2kxzˆ
A2kz yˆ +B2ky zˆ
)
FIG. 6. (Color online) The phase diagram corresponding to
the two dimensional irreps of D4h, reproduced with permis-
sion from Ref. 149.
additional crystal symmetries, it in general needs an un-
conventional pairing mechanism (not electron-phonon).
We will now discuss the specific example of construct-
ing TRS breaking superconducting channels in a tetrago-
nal system with the point group symmetry D4h. We will
consider the simplest case of symmorphic space group
and strong SOC in the following example which is prob-
ably relevant for the case of Sr2RuO4
7. The D4h point
group has 8 one dimensional irreps (4 of them have even
parity and the other 4 have odd parity) and 2 two dimen-
sional irreps (one with even parity denoted by Eg and the
other with odd parity denoted by Eu). Centrosymmetry
implies that the possible superconducting states are ei-
ther purely triplet or purely singlet states. Furthermore,
a TRS breaking superconducting order parameter is thus
possible only in the Eg or the Eu irrep. We will now fo-
cus only on these two irreps and construct the possible
TRS breaking superconducting order parameters for the
system.
We consider strong SOC and then the possible even
scalar and odd vector basis functions for the Eg and Eu
irreps are listed in Table III. The fourth order invariant
corresponding to the 2 two dimensional irreps of D4h
gives the quartic order term of the GL free energy149,150
to be
f4 = β1(|η1|
2 + |η2|
2)2 + β2|η
2
1 + η
2
2 |
2 + β3(|η1|
4 + |η2|
4)
(24)
where (η1, η2) are the two complex components of the
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FIG. 7. (Color online) Band structure of LaNiGa2. The panels (i), (ii) and (iii) show the unit cell, band structure near the
Fermi level and the corresponding Fermi surfaces without spin-orbit coupling. These plots are reproduced with permission from
Ref. 161. Copyright 2012 by the American Physical Society.
two dimensional order parameters. This free energy now
needs to be minimized with respect to both η1 and η2.
To this end, we write ηj = |ηj |e
iαj where |ηj | is the real
amplitude and αj is the phase (j = 1 and 2). Then we
define |η1| = |η| cos(θ), |η2| = |η| sin(θ) and α = (α1 −
α2). Thus θ determines the relative amplitude and α
determines the relative phase of the two components and
we take 0 ≤ θ ≤ π/2 and 0 ≤ α ≤ 2π. Then we have
(η1, η2) = |η|e
iα1 [cos(θ), sin(θ)eiα]. (25)
Thus effectively we need to minimize the free energy with
respect to the two real variables θ and α. Using the above
equation in Eqn. (24), the free energy simplifies to
f4 = |η|
4
[
(β1 + β2 + β3)−
1
2
sin2(2θ){β3 − 2β2 sin
2(α)}
]
.
(26)
To minimize the above free energy with respect to θ and
α, we compute and equate the corresponding first deriva-
tives to zero which gives
∂f4
∂θ
= 0
⇒ sin(4θ){β3 − 2β2 sin
2(α)} = 0 (27)
and
∂f4
∂α
= 0
⇒ β2 sin
2(2θ) sin(2α)} = 0 (28)
assuming |η| 6= 0. The above two equations give the fol-
lowing nontrivial and inequivalent solutions: (η1, η2) =
(1, 0), 1√
2
(1, 1) and 1√
2
(1, i). The corresponding phase
diagram is shown in Fig. 6 (reproduced from Ref. 149).
We note that there is an extended region in the param-
eter space where the states corresponding to (η1, η2) =
1√
2
(1, i) is stabilized. The instabilities corresponding to
this case spontaneously break TRS at Tc due to a non-
trivial phase difference between the two order parameter
components. The even parity TRS breaking supercon-
ducting order parameter belonging to Eg is given by
∆(k) = ∆0kz(kx + iky) (29)
where ∆0 is the real amplitude independent of k. This is
a chiral d-wave singlet order parameter. The odd parity
superconducting order parameter belonging to Eu gives
rise to the TRS breaking triplet state with the d-vector
given by
d(k) = [Akz , iAkz, B(kx + iky)] . (30)
Here, A and B are material dependent real constants
independent of k and in general they are nonzero. We
note that the values of A and B determine the orientation
of the d-vector. For example, for A = 0 the d-vector
points along the c-axis and for B = 0 the d-vector points
in the ab-plane. We also note that
d(k)× d∗(k) = 2iAkz(Bkxxˆ−Bky yˆ −Akz zˆ) (31)
which is nonzero in general. Hence, this superconducting
state is a nonunitary chiral p-wave triplet state. The spe-
cial case of A = 0 is the unitary chiral p-wave triplet case,
which was previously applied to the case of Sr2RuO4 (see
Sec. III A for an overview of recent developments).
B. Band structure
Here, we discuss the insights which can be gained
about the pairing symmetry of a TRS breaking SC from
band structure calculations using first principles den-
sity functional theory (DFT). Band structures of sev-
eral TRS breaking SCs have been reported, examples in-
clude LaNiGa2
161, Re6Zr
123 and La7Ir3
111. We discuss
the case of LaNiGa2 shown in the Fig. 7 (reproduced
from Ref. 161) as an example.
A common feature of most of these materials is that
there are multiple bands crossing the Fermi level lead-
ing to several Fermi surface sheets. These bands can
arise from several orbitals of one or more types of atoms
in the several symmetry related sites. The information
about the most important orbitals, for example, can be
obtained by computing the projected density of states
(DOS) of these orbitals and looking at their contribu-
tion to the total density of states at the Fermi level. For
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the case of LaNiGa2, there are several bands crossing
the Fermi level as seen from the Fig. 7(ii) and they arise
mainly from the p-orbitals of Ga and d-orbitals of Ni. As
a result the shape of the Fermi surface sheets are quite
complicated in this example as shown in Fig. 7(iii).
The topology of the Fermi surfaces plays an important
role in determining the thermodynamic properties of the
TRS breaking superconducting ground states. For exam-
ple, even if an order parameter features nodes at certain
regions of the Brillouin zone if the Fermi surfaces are
open or have necks in that region, the thermodynamic
features of the system will behave similar to that of a
fully gapped state141.
While analyzing the features of the band structure near
the Fermi level, it is also important to take note of the ef-
fects of SOC. If SOC produces significant splitting of the
bands near the Fermi level which can change the topology
of the Fermi surfaces, for example, then it is imperative to
consider the effect of SOC in the pairing symmetry of the
order parameter. And, as we discussed earlier, SOC can
have dramatic effects on the pairing symmetry depend-
ing on the presence or absence of inversion symmetry in
the material.
DFT calculations can also be used to fit the band struc-
ture near the Fermi level to a tight-binding Hamiltonian
including a “few” most important orbitals of the mate-
rial. Then for a “manageable” size of the Hamiltonian
one can make sure that the normal state band structure
near the Fermi level, the topology of the Fermi surfaces
and the density of states near the Fermi level is faithfully
represented by this normal state Hamiltonian. This nor-
mal state Hamiltonian can then be used in conjunction
with the pairing models deduced from symmetry to pre-
dict and compare experimentally observable quantities.
C. Estimation of internal magnetic field/magnetic
moment
Estimating the strength of the internal magnetic field
or the magnetic moment is in general a nontrivial task.
This is because of the following reasons.
1. Firstly, the magnetic moment per unit cell of the
superconducting state µs depends on the details of
the pairing model. For example, for a chiral SC
such as one with the chiral p-wave triplet state, the
magnetic moment can be estimated from the corre-
sponding orbital angular momentum162,163. For a
material with the loop-super current ground state9
proposed to be realized in Re6(Zr, Hf, Ti), the
spontaneous internal magnetic field can be esti-
mated from the super-current in the ground state.
For LaNiGa2, from a semi-first principles approach
we can directly compute the spontaneous magnetic
moment due to the non-unitary triplet state14.
2. Secondly, even if the magnetic moment µs can be
accurately predicted, the muon does not measure
µs but the induced internal field Bint(r) which de-
pends, on an atomic scale, on the location r of the
muon within the unit cell– an averaged magnetic
moment is therefore not enough to make a quanti-
tative prediction.
3. Thirdly, given that the muon is a strong local per-
turbation, an understanding of the way the muon
changes the local crystal and electronic structure of
the sample is essential for a quantitative prediction.
While a naive estimate of the internal field Bint ∼
µ0µs/4πabc gives the right order of magnitude for Re6Zr
9
and LaNiGa2
14 overcoming the issues in points 2 and 3,
above, is essential in order to develop a quantitative un-
derstanding of zero-field µSR in SCs with broken TRS.
Indeed, in SCs any intrinsic fields ought to be, in the
bulk, fully screened by the Meissner field, so the only
reasonable interpretation of the ability of the muon to
detect the intrinsic field is that the muon itself locally
suppresses the order parameter. In this picture, what
the muon sees in fact is the screening field, rather than
the intrinsic magnetisation164. Ref.162 contains the only
quantitative calculation realizing this scenario, in a very
simplified model of a chiral SC. Meanwhile current DFT
studies of the effect of the muon on the local crystal and
electronic structure165,166 have not yet been extended to
SCs.
VI. MEAN FIELD THEORY
In this section we review the generalized
BCS/Bogoliubov-de Gennes theory150, which is an
essential tool for computing the excitation spectra and
predicting experimental observables for a particular
superconducting ground state.
A. General formalism
A general Hamiltonian describing pairing of electrons
in momentum space can be written as
H =
∑
k,σ
ξ(k)c†k,σck,σ (32)
+
1
2
∑
k,k′,q¯,{σi}
V{σi}(k,k
′)c†¯q
2
+k,σ1
c†¯q
2
−k,σ2c q¯2−k′,σ3c q¯2+k′,σ4
where c†k,σ creates an electron with momentum k and
spin σ and ξ(k) = (ǫ(k) − µ) with µ being the chemi-
cal potential and ǫ(k) being the normal state dispersion.
Vσ1,σ2,σ3,σ4(k,k
′) describes the elements of the pairing
interaction Vˆ between two electrons and includes the pos-
sibility of formation of pairs with finite total momentum
q¯. We will, however, consider only the case of zero total
momentum (q¯ = 0) pairs with the only nonzero matrix
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elements
Vσ1,σ2,σ3,σ4(k,k
′) =
〈
k, σ1;−k, σ2|Vˆ | − k
′, σ3;k′, σ4
〉
.
(33)
The pairing interaction Vˆ can have different ori-
gins including being mediated by phonons167 or spin-
fluctuations168 for example. The important point to note
is that the interaction is attractive within a narrow win-
dow near the Fermi level and the Fermi surface is un-
stable to this attractive interaction leading to the forma-
tion of Cooper pairs. To find the ground state proper-
ties of the system, we decompose the quartic interaction
term by introducing mean-fields using a standard Curie-
Weiss type mean-field theory167 and ignoring fluctuations
above the mean-field ground state —although fluctua-
tions above the mean-field ground state can be system-
atically taken into account when necessary159. We define
the mean-field pairing potential or the gap function as
∆σ,σ′(k) =
∑
k′,σ1,σ2
Vσ,σ′,σ1,σ2(k,k
′) 〈c−k′,σ1ck′,σ2〉 (34)
with ∆σ,σ′(k) being the elements of the gap matrix ∆ˆ(k)
satisfying Eqn. (11). Introducing these mean-fields, the
Hamiltonian within the mean-field approximation takes
the form
HMF =
∑
k,σ
ξ(k)c†k,σck,σ+
1
2
∑
k,σ,σ′
[∆σ,σ′(k)c
†
k,σc
†
−k,σ′+h.c.].
(35)
We now use the Bogoliubov-de Gennes (BdG) formalism
to find the ground state of this mean-field Hamiltonian.
To this end, we define the Nambu spinor as
Ψk =

 cˆk
cˆ†T−k

 with cˆk =

ck↑
ck↓

 . (36)
Then the mean-field Hamiltonian takes the form
HMF =
1
2
∑
k
Ψ†kHBdG(k)Ψk + E
′
g (37)
where E′g =
∑
k ξ(k) gives a constant shift of the ground
state energy and will be ignored from here on. Defining
ξˆk = ξ(k)I2 with In being the identity matrix of order
n, the BdG Hamiltonian can be written as
HBdG(k) =

 ξˆk ∆ˆ(k)
∆ˆ†(k) −ξˆk

 . (38)
This Hamiltonian can be diagonalized using a unitary
transformation defined as
Uˆ †kHBdG(k)Uˆk = Eˆk ; Uˆ
†
kUˆk = UˆkUˆ
†
k = I4 (39)
with Eˆk =


Ek,1 0 0 0
0 Ek,2 0 0
0 0 −Ek,1 0
0 0 0 −Ek,2

 .(40)
Ek,α are dispersions of the two branches of the Bogoli-
ubov quasiparticles labeled by α = 1 and 2 given by
Ek,α =
√
ξ2(k) +
1
2
Tr[∆(k)∆†(k)] + (−1)α|q(k)|.
(41)
The mean-field Hamiltonian in Eqn. (37) can then be
written as
HMF =
1
2
∑
k
Γ†kEˆkΓk =
∑
k,α
Ek,αγ
†
k,αγk,α + E
′′
g (42)
where we have defined the creation operator of the Bo-
goliubov quasiparticles with momentum k in branch α as
γ†k,α and
Γk = Uˆ
†
kΨk =

 γˆk
γˆ†T−k

 with γˆk =

γk,1
γk,2

 . (43)
E′′g =
1
2
∑
k,αEk,α also gives a constant shift in the
ground state energy and will be ignored in the follow-
ing discussion. The Bogoliubov quasiparticle operators
obey fermionic anti-commutation relations
{
γ†k1,α1 , γk2,α2
}
= δk1,k2δα1,α2 . (44)
We note from Eqn. (42) that the mean-field ground state
is a free Fermi gas of Bogoliubov quasiparticles and we
can define the thermal averages in this ground state as
〈
γ†k1,α1γk2,α2
〉
= δk1,k2δα1,α2 f (Ek1,α1) (45)
where f (x) = (1+ eβx)−1 is the Fermi-Dirac distribution
function with β = (kBT )
−1. Taking the form
Uˆk =
(
uˆk vˆk
vˆ∗−k uˆ
∗
−k
)
, (46)
we can explicitly write the Bogoliubov transformation of
the fermion operators as
ck,σ =
∑
σ′
[
uσ,σ′(k)γk,σ′ + vσ,σ′(k)γ
†
−k,σ′
]
. (47)
This expression of the fermion operators can now be used
to find the expectation value of any operator in the mean-
field ground state. In particular, Eqn. (34) leads to the
self-consistency equation for the gap function and deter-
mines the temperature dependence of ∆ˆ(k) and Tc.
We note from Eqn. (41) that the two branches of the
quasiparticle dispersions are degenerate for singlet and
unitary-triplet pairings but a non-unitary triplet pairing
state lifts this degeneracy leading to two momentum de-
pendent gaps
√
1
2Tr[∆(k)∆
†(k)]± |q(k)|. This splitting
is a consequence of reduction in the symmetry in the su-
perconducting state due to broken TRS caused by the
non-unitary pairing.
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B. Low-temperature thermodynamics
characterizing unconventional superconductivity
To determine the behaviors of the experimental ob-
servables, such as specific heat (C), penetration depth
(λ), NMR relaxation rate (1/T1) and superfluid density
(ρs), which are routinely measured to characterize uncon-
ventional SCs, it is important to consider the behavior
of the DOS of the quasiparticle excitations (qpDOS)150.
Depending on the symmetry of the superconducting or-
der parameter, the low energy behavior of the qpDOS
can be qualitatively different and thus leads to charac-
teristic low temperature behaviors of the experimental
observables. The qpDOS is defined as
g(E) =
∑
k,α
δ(E − Ek,α). (48)
First, let us discuss the case of conventional rotation-
ally symmetric s-wave SCs. In this case, the system is
fully gapped and only with energy above the energy gap
excitations are possible. As a result, the qpDOS in this
case is given by
g(E) = N(0)
E√
E2 −∆(0)2
Θ(E −∆(0)) (49)
where N(0) is the normal state DOS at the Fermi level
and ∆(0) is the size of the gap at zero temperature.
Hence, the qpDOS is zero within the gap and has a coher-
ence peak at E = ∆(0) visible in single particle tunneling
experiments159 for example. In general, the above type
of qpDOS leads to an exponential suppression in the ob-
servables at low temperatures.
For an unconventional SCs, however, the presence of
nodes in the quasiparticle spectrum leads to a starkly
different qpDOS. The low energy behavior150,169,170 of
the qpDOS for an unconventional SC is
g(E) ∝ E for line nodes, (50)
∝ E2 for point nodes. (51)
This type of low energy qpDOS in general leads to a
power law dependence in the low temperature proper-
ties of the observables. The low temperature dependence
of the observables under consideration can be computed
from the following relations169 valid for T ≪ Tc:
C(T ) ∝ β
∫ ∞
0
dE g(E)E2
(
−
∂f(E)
∂E
)
, (52)
∆λ(T ) ∝
∫ ∞
0
dE g(E)
(
−
∂f(E)
∂E
)
, (53)
1
T1T
∝
∫ ∞
0
dE g2(E)
(
−
∂f(E)
∂E
)
, (54)
(
ρs(T )
ρs(0)
− 1
)
∝ −∆λ(T ) (55)
where ∆λ(T ) = [λ(T ) − λ(0)]. Using the expressions of
the qpDOS from Eqn. (50) and Eqn. (51) in the above
expressions we can now compute the low temperature
behaviors of the observables150,169,170:
C(T ) ∝ T 2 for line nodes, (56)
∝ T 3 for point nodes. (57)
∆λ(T ) ∝ T for line nodes, (58)
∝ T 2 for point nodes. (59)
1
T1T
∝ T 2 for line nodes, (60)
∝ T 4 for point nodes. (61)
As noted above the full mean-field description of a
given system requires the self-consistent solution of the
BdG equations and the mean field self-consistency equa-
tions. Nevertheless we note that a lot of information can
be obtained by solving the BdG equations for a given
form of the pairing potential, obtained by symmetry
analysis. Unlike the self-consistency equations, the BdG
equations do not feature the pairing interaction. Indeed
the results in Eqs. (56, 57, 58, 59, 60 and 61) depend only
on the basic features of the pairing potential and Fermi
surface topology (shape), and therefore can be used to
correlate experimental data with a GL analysis without
recourse to a model of the electron-electron pairing inter-
action. This is an extremely useful weapon in the arsenal
of the theorist trying to pry information about the pair-
ing state of a SC out of the available experimental data.
VII. NOVEL GROUND STATES IN
MULTIBAND SUPERCONDUCTORS
Superconductivity in systems with multiple bands is
usually considered to be effectively occurring in a sin-
gle band with a gap which has nontrivial momentum
dependence in the different Fermi surface sheets of the
material as discussed in the previous sections. But re-
cent studies154,171–177 in many multiband systems such
as the iron-based SCs, half-Heusler compounds, UPt3
and Sr2RuO4 have pointed out that internal electronic
degrees of freedom, coming from the orbitals or sublat-
tice for example, can give rise to a nontrivial structure
to the Cooper pair wave function and in particular to
Cooper pairs with higher spins. However, this type of
nontrivial superconducting pairing state is usually hard
to distinguish from its trivial counterpart since both have
qualitatively similar low energy properties.
A. Internally-antisymmetric nonunitary triplet
pairing in LaNiC2 and LaNiGa2
We emphasize two cases, LaNiC2 and LaNiGa2, where
the group-theoretical analysis seems to be at odds with
the experimental results for TRS breaking superconduct-
ing order parameters. In both the cases, the symme-
try analysis suggests a nodal TRS-breaking nonunitary
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FIG. 8. (Color online) Schematic of a non-unitary triplet
pairing between same spins between two different Ni orbitals.
Reproduced with permission from Ref. 178.
triplet superconducting state10–12 while experiments sug-
gest a nodeless, two-gap behavior13,105.
LaNiC2 crystallizes in a noncentrosymmetric or-
thorhombic crystal structure10 with symmorphic space
group Amm2 (No. 38) and point group C2v whereas
LaNiGa2 crystallizes in a centrosymmetric orthorhombic
crystal structure12 with symmorphic space groupCmmm
(No. 65) and point group D2h. Both the point groups
C2v andD2h have only one dimensional irreps. Thus from
the point group symmetry alone there is no degenerate
instability channel which can potentially lead to a TRS
breaking order parameter. Based on this observation,
it was proposed10–13 that considering the effect of SOC
to be negligible in both the materials, the three dimen-
sional spin rotation group SO(3) can provide a nonuni-
tary triplet channel which by its very nature breaks TRS
spontaneously at Tc. Based on the GL analysis
12 it was
shown that a paramagnetic coupling to the magnetisation
can stabilize such a nonunitary triplet ground state. This
nonunitary state in turn produces a pseudomagnetic field
which splits the up and down spin Fermi surfaces gener-
ating an imbalance between the two spin species12,179. As
a result a subdominant order parameter, induced mag-
netization, arises and it increases linearly near Tc with
decreasing temperature. But the corresponding nonuni-
tary gap functions have nodes. This prompted the sug-
gestion13 that the pairing state may involve an orbital
or band index. Such internal degrees of freedom cannot
be used to increase the dimensionality of the order pa-
rameter i.e. we still need a nonunitary triplet pairing
state to break TRS– which in any case is strongly sup-
ported by the observation in LaNiC2 of the magnetization
signal predicted12 by the GL theory of the nonunitary
state. However, they can dramatically alter the quasi-
particle spectrum by ensuring fermionic anti-symmetry
without the need for a k-dependent gap function, poten-
tially leading to the required k-independent gap. The
pairing in the superconducting ground state can be be-
tween same spins but involving two different orbitals as
shown for example with two d-orbitals of the Ni atom
in the Fig. 8. Thus the Cooper pair wave function is
triplet in the spin sector but has isotropic even parity
FIG. 9. (Color online) Possible superconducting instabilities
for a toy model (nonsymmorphic version (a) and symmorphic
version (b)) with a tetragonal unit cell allowing for onsite val-
ues of the superconducting order parameter to be different in
the four symmetrically distinct sites. (c)–(f): top view of the
four symmetry-allowed superconducting instabilities for both
models with the color wheel depicting the phase of the super-
conducting order parameter. The TRS-breaking instability
is a linear combination of (e) and (f), which are degenerate.
The arrows show the direction of the circulating loop super-
currents within the unit cell. This figure is reproduced from
Ref. 9.
gap symmetry. Then the two gaps correspond to the two
different spin species of different population rather than
two different orbital character bands in this internally-
antisymmetric nonunitary triplet (INT) ground state. A
semi-phenomenological model of LaNiGa2 featuring a de-
tailed, ab initio description of the band structure and a
single adjustable parameter (namely the strength of the
effective electron-electron, which is fixed by Tc) in the
INT state reproduces the specific heat dependence on
temperature very accurately14 strongly suggesting that
this model is an accurate description of the physics of
this material.
The mechanism behind such an unusual pairing state
remains to be determined, but measurements of LaNiC2
under pressure suggested that the superconductivity is
situated on a dome, in close proximity to a correlated
phase and quantum criticality180. Interestingly, µSR
measurements revealed evidence for nodal superconduc-
tivity in isostructural ThCoC2, where it was suggested
that the strong Fermi surface nesting favors an uncon-
ventional magnetically mediated pairing mechanism181.
However, time reversal symmetry was found to be pre-
served in the superconducting state.
B. Loop-super current state
This proposal9 is based on a few key observations
that the relevant materials (Re6(Zr, Hf, Ti)
107,115,116,
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Re0.82Nb0.18
108 and La7(Ir, Rh)3
110,111,116) have several
common features: several symmetry related sites (more
than two is necessary) within the unit cell, several Fermi
surfaces coming from several orbitals and a single fully
gapped conventional BCS type thermodynamic behavior
of observables. We consider a uniform onsite singlet pair-
ing and allow for the possibility that the order parame-
ter can potentially have different values (amplitude and
phase) at the different symmetry related sites within the
unit cell. Then using symmetry it is noted that there is
a symmetry allowed ground state which has finite micro-
scopic Josephson currents flowing between the symmetry
related sites and is thus termed as a loop-super current
(LSC) state. Such a ground state has inherent chirality
and thus breaks TRS spontaneously at Tc. An example of
such a symmetry allowed order parameter for a system
with a C4 point group and four symmetrically distinct
sites is shown in the Fig. 9. Note that the degeneracy in
one of the irrep of C4 in this case actually comes from TRS
in the normal state itself. On symmetry grounds, such a
ground state can be stabilized in Re6(Zr, Hf, Ti)
107,115,116
and Re0.82Nb0.18
108 but is not favorable energetically for
La7(Ir, Rh)3
110,111,116. One of the attractions of the LSC
state is that since it only relies on on-site pairing, it does
not require an unconvenitonal pairing mechanism. On
the other hand, the question of competition with other,
more conventional states cannot be addressed within GL
theory and is currently unexplored.
C. Symmetry analysis including orbitals – the case
of Sr2RuO4
In addition to the novel ground states proposed in
the previous section, for some materials in particular
Sr2RuO4 different experiments with high quality samples
give apparently conflicting results182. It has now become
increasingly clear that the common chiral p-wave triplet
state7 with d-vector pointing along the c-axis proposed
in this material based on the usual symmetry classifica-
tion discussed earlier can not systematically account for
all/most of the experimental signatures in this material
as noted in Section III. Based on this observation, recent
studies176,177,183 have proposed that in this case it is es-
sential to generalize the symmetry classification of the or-
der parameters to include the orbital degrees of freedom
as well. This way novel symmetrically allowed possibil-
ities of singlet, triplet with in-plane d-vector and mixed
parity superconducting ground states176,177,183 have been
proposed which may be able to explain all/most of the
features in this material.
D. Bogoliubov Fermi surfaces
It was shown recently174,175 that for a multiband SC
with centrosymmetry and spontaneously broken TRS at
Tc, considering the internal electronic degrees of freedom
FIG. 10. (Color online) Bogoliubov Fermi surfaces corre-
sponding to the chiral d-wave singlet superconducting state
given in Eqn. (29), shown here for the case where only one
band has a spherical Fermi surface (semitransparent sphere)
for a centrosymmetric multiband SC with generic symmetries
and spontaneously breaking TRS at Tc. The point and line
nodes (red dots and line, respectively), are “inflated” into
spheroidal and toroidal Bogoliubov Fermi surfaces (orange
surfaces) protected by a Z2 topological invariant. Reproduced
from Ref. 174. Copyright 2017 by the American Physical So-
ciety.
in Cooper pair formation in general leads to only two
possible types of quasiparticle excitation gaps: either the
system is fully gapped or it has Bogoliubov Fermi surfaces
(BFS). These are two dimensional surfaces which are gen-
erated, for example, by inflating a point or a line node
by a pseudo-magnetic field inherent to the TRS breaking
nodal superconducting state. This pseudo-magnetic field
however is proportional to the second order of interband
pairing. As a result its strength is quite small. But,
the BFSs are protected by a Z2 topological invariant and
hence cannot be removed by symmetry preserving per-
turbations. A superconducting state possessing BFSs can
have characteristic experimental signatures184 such as a
nonzero residual DOS at the Fermi level which can po-
tentially be measured in a single particle tunneling exper-
iment and unconventional thermodynamic signatures at
low temperatures. But since the strength of the pseudo-
magnetic field which basically distinguishes these type
of states from their “trivial” counterparts is generically
small, it may turn out to be difficult to distinguish them
in practice.
VIII. SUMMARY AND OUTLOOK
In this review we have discussed unconventional SCs
which have been recently discovered to break time-
reversal symmetry, in addition to gauge symmetry. The
picture that emerges from these systems is complex and
diverse, but at the same time there are some elements in
common and that distinguish them from earlier examples
22
of broken TRS in correlated SCs. First of all, the SCs in
question appear, in many ways, conventional: they have
nodeless quasiparticle spectra; Tc is insensitive to non-
magnetic impurities; and their normal state is often an
ordinary Fermi liquid. Secondly, they often have multi-
band electronic structures, often with complex unit cells
having many symmetry-related atomic sites. These sug-
gest that there are common mechanisms for broken TRS
which present themselves in multi-orbital SCs.
The small family formed by LaNiC2 and LaNiGa2 de-
serves a special mention. While it is usually very hard
to pin down what the pairing symmetry is for a given
unconventional SC, there has been remarkable progress
in the last few years on these two compounds. These sys-
tems have very low symmetry, and as a result there are
very few possibilities to choose from. The observation
of broken TRS at Tc from zero-field µSR is only com-
patible with equal-spin, nonunitary triplet pairing. This
led to the prediction of a sub-dominant magnetization ac-
companying the superconducting order parameter, which
was subsequently confirmed experimentally. The node-
less, two-gap behaviour observed in these systems further
points to a common origin of the superconductivity and
the excellent agreement of a semi-phenomenological the-
ory based on these ideas with a single adjustable param-
eter with measurements suggests that these are the first
TRS-breaking SCs for which we have a complete and ac-
curate picture of the superconducting state– though un-
derstanding the origin of the pairing interaction remains
a mystery.
While many SCs with broken TRS show other signs of
unconventional pairing, independent confirmation specif-
ically of broken TRS is usually hard to obtain. It has
been obtained through the optical Kerr effect in Sr2RuO4
and UPt3 and PrOs4Sb12, as well as through bulk SQUID
measurements of magnetization in LaNiC2. Obtaining
such evidence for other systems is therefore extremely
urgent, as is a better understanding of the way the muon
interacts with the crystal and with the superconducting
condensate. In this respect we wish to highlight the chal-
lenge posed by the very consistent relation between the
nuclear moments and muon spin relaxation rate in Re-
based SCs108.
We also note that many of these materials are in the
dirty limit. Their resilience in the face of disorder distin-
guishes them quite clearly from other (particularly nodal)
unconventional SCs. An understanding of the effect of
disorder on the exotic states described in the last part
of this review is a pending issue that will need to be ad-
dressed.
To conclude, we note that the macroscopic quantum
coherence of SCs makes them inherently useful materials
out of which to build qubits185– indeed, recently the his-
toric milestone of quantum supremacy has recently been
claimed using a superconducting quantum computer 186.
Looking at the future, unconventional SCs offer addi-
tional degrees of freedom and therefore potentially could
offer routes to novel qubit architectures. The varied phe-
nomenology of the SCs with broken TRS reviewed here
suggests that they may be fertile ground to essay such
technologies, in particular in the cases where TRS break-
ing potentially occurs in a triplet pairing state. Realizing
such promise will require not only detailed, quantitative
theories of the equilibrium state of such systems, but also
a precise understanding of their dynamics. For instance,
one could investigate whether the net magnetization of
a nonunitary triplet pairing SC like LaNiC2 or LaNiGa2
may show coherent oscillations (in contrast to the magne-
tization of a ferromagnet, which relaxes quickly). That
could make possible qubits based on spin, rather than
charge currents. Likewise the chirality of loop super-
currents could potentially be used to encode quantum
information as well.
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